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The problem of bound entanglement detection is a challenging aspect of quantum information theory for
higher dimensional systems. Here, we propose an indecomposable positive map for two-qutrit systems, which
is shown to generate a class of positive partial transposed (PPT) states. A corresponding witness operator
is constructed and shown to be weakly optimal and locally implementable. Further, we perform a structural
physical approximation of the indecomposable map to make it a completely positive one, and find a new PPT-
entangled state which is not detectable by certain other well-known entanglement detection criteria.
I. INTRODUCTION
The inseparable feature of quantum states [1–4] plays the
most crucial role in various information processing tasks [5–
8]. Entanglement is the central feature of the theory of quan-
tum information science and the detection of entanglement in
an arbitrary quantum system is considered to be one of the
most fundamental aspects of the subject. The most effective
way to detect entanglement theoretically, is via the usage of
positive but not completely positive (NCP) maps, of which
the most famous and heavily utilized example is given by the
partial transposition (PT) map [9].
It is well known that PT gives us a necessary and sufficient
criterion, named the separability criterion to detect entangle-
ment only for 2 × 2 and 2 × 3 dimensional states [10]. It is
seen that for these dimensions, all entangled states have nega-
tive partial transposition (NPT). There are different prescribed
protocols for detection of two-qubit entanglement based on
this criterion [11–15]. On the other hand, entanglement de-
tection in general is a NP hard problem [16]. In case of higher
dimensional systems, there exists a class of states which are
entangled but having a positive partial transposition (PPT),
and hence cannot be detected by the NPT criterion.
The entanglement of PPT entangled states is not distillable
[17]. The presence of bound entanglement in such states has
evoked much interest as to the possibilities of using or unlock-
ing the entanglement in present in them [18, 19]. Bipartite
bound entanglement channels can exhibit superadditivity of
quantum channel capacity [20]. A further interesting and dif-
ficult task is to detect such bound entanglement [21, 22], and
methods have been recently suggested to prepare and certify
bound entangled states that are robust for experimental verifi-
cation [23]. The bound entanglement in PPT entangled states
is inextricably linked to indecomposable positive maps.
The structure of positive maps has been an area of inter-
est to mathematicians for a long period of time, since it is
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extremely hard to determine the positivity of a map even in
low dimensions. Ever since the seminal works of Peres and
Horodecki [9, 24], it has been clear that such maps play an
instrumental role in detection of quantum entanglement. Con-
siderable effort from both mathematicians and physicists [25–
43] have shed some light on the structural intricacies of pos-
itive maps and their applications in physics. Applications of
positive maps in the study of entanglement theory have catal-
ysed the development of both domains.
Indecomposable positive maps play a key role in generating
entangled states in higher dimensions. The class of positive
maps which can be decomposed as an algebraic sum of two
relatively simple convex sub classes of positive maps, viz.,
completely positive class and completely co-positive class
is called decomposable. Since transposition maps are com-
pletely co-positive in nature, quantum states having PPT can
not be detected by them. As a consequence, indecomposable
maps are important for detecting PPT entangled states. There-
fore, constructing non completely positive maps for detecting
PPT entangled states is of considerable importance in entan-
glement theory.
As the PPT criterion fails to detect bound entanglement in
higher dimensions, certain other criteria have been proposed
in the literature which can detect some PPT entangled states.
These include the computable cross norm or realignment cri-
terion (CCNR criterion) [44, 45], range criterion [46, 47], co-
variance matrix criterion (CMC) [48, 49] and others. In the
present work we further explore the connection between the
theory of positive maps and entanglement. We introduce an
indecomposable positive map on the algebra of 3 × 3 com-
plex matrices to obtain a PPT entangled state of a two-qutrit
system. Our proposed non-completely positive map not only
detects a class of two-qutrit bound entangled states, but also
introduces a new PPT entangled state which can not be de-
tected by Choi map [50] or Miller map [40].
Since non-complete positive maps correspond to unphysi-
cal operations, it is impossible to implement them in the labo-
ratory. However, it is indeed possible to construct a physically
implementable complete positive map from a given unphysi-
cal map using the notion of structural physical approximation
(SPA) [51, 52] which we employ in this work. The SPA tech-
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2nique has also been used for realization of the optimal singlet
fraction [53]. On the other hand, PPT entangled states have
been constructed earlier from indecomposable positive maps
[32, 54]. Constructions of such states were done by exploit-
ing the facial structures and various duality relations of the
cone of positive maps. Here we devise a different method of
contructing PPT entangled states via usage of the structural
physical approximation (SPA) [51, 52].
Three-level systems are of primary importance in laser
physics, and possess features of interest from the quantum
information perspective, as well [55–58]. In practical quan-
tum information procesing, detecting entanglement of a given
unknown system and its quantification is one of the impor-
tant areas of research. The theory of entanglement witnesses
[59–65] provides a useful avenue to this end. Here we formu-
late a weakly optimal [66] indecomposible entanglement wit-
ness from the positive map of our construction. This entangle-
ment witness is shown to detect the proposed two-qutrit bound
entangled state, and is further shown to be implementable
through local operations.
The structure of the paper is the following. In Section II, we
discuss some prerequisites of the theory applied in the later
sections. In Section III, we define a new one parameter family
of indecomposible positive maps and show that it can detect
a class of two-qutrit entangled states. In Section IV we con-
struct a weak optimal witness, which for a particular choice of
parameter, detects at least one class of bound entangled states.
In Section V, we employ the structural physical approximation
to construct a new class of PPT entangled states. We conclude
in Section VI with a summary of our results.
II. PRELIMINARIES
In this section we shall discuss some preliminary details of
positive maps. One can find detailed discussions on positive
maps in [67, 68]. We consider Hilbert space of finite dimen-
sion, and shall deal with positive maps between algebra of
matrices. The seminal results by Stormer [69] and Woronow-
icz [70] showed that ifH1 andH2 be two Hilbert spaces, then
all positive maps acting on the set of bounded operators on
H1 into the set of all bounded operators acting on H2 are de-
composable if product of the dimension of H1 and H2 is up-
per bounded by 6. The first example of indecomposable map
was provided by M.D.Choi [50], popularly known as Choi
map. A new family of indecomposable map was considered
by Hall [71] and Bruer [72]. Later this map was generalised
to a class of positive maps by Chruchinski and Kossakowski
[73] and discussed the indecomposability and atomicity of the
part of the class. On the other hand, as discussed earlier, the
theory of positive maps has a deep connection with quantum
inseparability which instigates a new insight into the subject
[9, 24, 74, 75].
Here, we concentrate on the bipartite scenarios and recapit-
ulate a few notions on separability and positive maps form the
literature. As mentioned in the previous paragraph, if a bipar-
tite state (ρAB =
∑
i jkl p
i j
kl|i〉〈 j|⊗|k〉〈l|) is a separable one, then it
is PPT [76, 77], where the partial transposition (with respect to
the second subsystem) is given by, ρTB =
∑
i jkl p
i j
lk |i〉〈 j| ⊗ |k〉〈l|.
In this case, a state ρ can be concluded as a separable one if
and only if for any positive map Λ, we have (1 ⊗ Λ)ρ ≥ 0.
Though there are a few examples of such maps [78–85] which
can detect PPT entanglement, they are far from exhaustive.
Let Cd be the complex Hilbert spaces of dimension d. Let
B
(
Cd
)
denote the space of all operators acting on Cd. B
(
Cd
)
is endowed with Hilbert-Schmidt inner product defined by
< X,Y >= Tr
[
X†Y
]
for any two members X,Y ∈ B
(
Cd
)
.
The sub collection of B
(
Cd
)
consisting of hermitian, positive
semidefinite operators having unit trace is known as the set of
density operators acting on Cd.
Recall that operators acting on finite dimensional spaces are
bounded and can be represented as matrices with respect to
some basis. Let Md and Mk be the algebra of d × d and k × k
matrices respectively, over the field of complex numbers. A
linear map Λ : Md → Md is said to be positive if Λ (X) ≥
Θ for any positive semi-definite X ∈ Md, where Θ denotes
the zero operator. A linear map is said to be k-positive if the
map Ik ⊗ Λ : Mk ⊗ Md → Mk ⊗ Md is positive for some
k ∈ N. A linear map is said to be completely positive if it is
k-positive for all k ∈ N. Similarly a linear map Λ is said to
be k-copositive if Ik ⊗ (Λ ◦ T ) is positive for some k ∈ N and
completely co-positive if Λ ◦ T is completely positive, where
T stands for the transposition map.
Given any linear map Λ : Md → Md, in connection with the
celebrated Choi-Jamiolkowski isomorphism we can construct
a matrix CΛ, known as Choi matrix, living in Md ⊗Md. Choi
matrix can be obtained via the rule, CΛ = I ⊗ Λ (|φ+〉〈φ+|),
where |φ+〉 = 1√
d
∑d−1
i=0 |ii〉 is the maximally entangled state in
Cd⊗Cd and
{
|i〉d−10
}
stands for standard computational basis for
Cd. A linear map Λ is completely positive iff its Choi matrix
CΛ is positive semi-definite. It is to be noted that if a linear
map is positive but not completely positive, then there exists
some density operator ρ whose image is not positive. Such
an operator ρ can not be a separable one. Hence, positive but
not completely positive maps can be used to detect entangled
density operators.
Another important notion of positive maps is their decom-
posability. A positive map Λ is known to be decomposable
if it can be expressed as Λ = Λ1 + Λ2 ◦ T where Λ1 and Λ2
are completely positive maps and T denotes the action of
transposition. Otherwise, it is said to be indecomposable. It
is to be noted that decomposable maps can not detect PPT en-
tangled density operators. Recall that a density operator σ is
said to be PPT if (I ⊗ T )σ ≥ Θ . Therefore, indecomposable
maps must detect at least one PPT entangled density operator.
Moreover, a positive linear map is called atomic if it can not
be expressed as a sum of 2-positive and 2-copositive map. An
atomic linear map is by definition indecomposable.
Additionally, a linear map is said to be trace preserving if
Tr [Λ (X)] = Tr [X] ∀X ∈ Md. A linear map is said to be
hermiticity preserving if Λ (X)† = Λ
(
X†
)
∀X ∈ Md. Given
a linear map Λ : Md → Md, its dual map Λ† : Md → Md
is defined by the relation < Λ† (X) ,Y >=< X,Λ (Y) > for
3any operator X,Y ∈ Md. A map Λ is positive iff its dual map
Λ† is also positive. Using the above properties of positive
maps, in the next section we shall introduce a new class of
indecomposable positive maps.
III. ONE PARAMETER FAMILY OF INDECOMPOSABLE
POSITIVE MAPS
We now introduce a one parameter family of positive maps
containing a clear indecomposible subfamily. For this pur-
pose, we start with the following definition.
Definition 1: Let M3 denote the algebra of 3 × 3 matrices
over the field of complex numbers C. We define a one pa-
rameter class of linear trace preserving maps Λα : M3 → M3
by,
Λα (X) =
1
α + 1
α
α(x11 + x22) −x12 −αx13−x21 x22+x33α −x32−αx31 −x23 αx33 + x11α
 (1)
where X =
x11 x12 x13x21 x22 x23
x31 x32 x33
 ∈ M3 and α ∈ (0, 1]. (2)
Theorem 1: Λα is a positive map on M3 for all 0 < α ≤ 1.
Proof: To prove that the linear map is positive, it is
sufficient to show that if acted upon any arbitrary pure
state |φ〉 = (φ1, φ2, φ3)T , the map will give only positive
semidefinite output. Here φ1, φ2, φ3 are arbitrary complex
numbers with the constraint |φ1|2 + |φ2|2 + |φ3|2 = 1.
Here we have
Λ (|φ〉〈φ|) =
1
α+ 1α

α(|φ1|2 + |φ2|2) −φ1φ∗2 −αφ1φ∗3
−φ∗1φ2 |φ2 |
2+|φ3 |2
α
−φ∗2φ3
−αφ∗1φ3 −φ2φ∗3 α|φ3|2 + |φ1 |
2
α
 (3)
To prove that the matrix Λα (|φ〉〈φ|) is positive, we need to
show that all of its principal minors are positive. The 1st order
principal minors are the diagonal elements, which are positive
for any α > 0. The three 2nd order principal minors are
M1 = 1α+ 1α
∣∣∣∣∣∣ α(|φ1|2 + |φ2|2) − φ1φ∗2−φ∗1φ2 |φ2 |2+|φ3 |2α
∣∣∣∣∣∣ ,
M2 = 1α+ 1α
∣∣∣∣∣∣ α(|φ1|2 + |φ2|2) − αφ1φ∗3−αφ∗1φ3 α|φ3|2 + |φ1 |2α
∣∣∣∣∣∣ ,
M3 = 1α+ 1α
∣∣∣∣∣∣∣
|φ2 |2+|φ3 |2
α
−φ∗2φ3
−φ2φ∗3 α|φ3|2 + |φ1 |
2
α
∣∣∣∣∣∣∣ .
(4)
We note that M1 simplifies to
α
1+α2
(
|φ1|4 + |φ1|2|φ3|2 + |φ2|2|φ3|2
)
. Therefore M1 is
non negative as α ∈ (0, 1]. Similarly, M2 simplifies to
α
1+α2
(
|φ1 |4+|φ1 |2 |φ2 |2+|φ2 |2 |φ3 |2α3
α
)
which is a non negative quantity,
and M3 simplifies to α1+α2
(
|φ3|4 + |φ1 |2(|φ2 |2+|φ3 |2)α3
)
which is
again a non negative quantity as α ∈ (0, 1].
The remaining principal minor is the determinant of the ma-
trix Λα (|φ〉〈φ|), which is given by
D = α
2
1+α2
[
|φ2|2|φ3|4 + |φ3 |2 |φ1 |4α2 + |φ1 |
2 |φ2 |4
α2
]
− α21+α2
[
2|φ1|2|φ2|2|φ3|2 + 2|φ1|2Re(φ∗2φ3)2) − 1α2 |φ1|2|φ2|2|φ3|2
]
,
Since Re(φ∗2φ3)
2 ≤ |φ2|2|φ3|2,∀ φ2 and φ3, we have
D ≥ α21+α2
[
|φ2|2|φ3|4 + |φ3 |2 |φ1 |4α2 + |φ1 |
2 |φ2 |4
α2
− (4 − 1
α2
)|φ1|2|φ2|2|φ3|2
]
,
≥ α21+α2
[
|φ2|2|φ3|4 + |φ3|2|φ1|4 + |φ1|2|φ2|4 − 3|φ1|2|φ2|2|φ3|2
]
,
for all α ≤ 1. Here Re(·) means the real part of a complex
number. It is straightforward to check that the quantity[
|φ2|2|φ3|4 + |φ3|2|φ1|4 + |φ1|2|φ2|4 − 3|φ1|2|φ2|2|φ3|2
]
≥ 0,
for all φ1, φ2, φ3 with the constraint |φ1|2 + |φ2|2 + |φ3|2 = 1.
Therefore, the map Λα(·) is positive for all 0 < α ≤ 1. 
It is our aim to find whether the map Λα is useful to detect
entangled states positive under partial transposition. For this
purpose, we prove the following corollary.
Corollary 1: Λα contains a class of non completely positive
indecomposable maps.
Proof. To prove the corollary, we first have to show that the
given positive map is is not completely positive. For this
purpose, using Choi’s theorem, it is sufficient to show that
I ⊗ Λα(|Φ〉〈Φ|) is not positive. Here, |Φ〉 is the maximally en-
tangled two qutrit state.
Let us consider the corresponding Choi matrix first. We
take the maximally entangled state for two qutrit system as
|Φ〉 = 1√
3
(|00〉 + |11〉 + |22〉) where,
|0〉 =
10
0
 , |1〉 =
01
0
 , |2〉 =
00
1
 (5)
The one sided action of the map on the maximally entan-
gled state gives rise to the Choi matrix,
CΛα =

α2
3+3α2
0 0 0 − α
3+3α2
0 0 0 − α2
3+3α2
0 0 0 0 0 0 0 0 0
0 0 1
3+3α2
0 0 0 0 0 0
0 0 0 α
2
3+3α2
0 0 0 0 0
− α
3+3α2
0 0 0 1
3+3α2
0 0 0 0
0 0 0 0 0 0 0 − α
3+3α2
0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 − α
3+3α2
0 1
3+3α2
0
− α2
3+3α2
0 0 0 0 0 0 0 α
2
3+3α2

(6)
The least eigenvalue of CΛα is λ′ = 1−
√
1+4α2
6+6α2 . We see that
it is a negative quantity within the above parameter range α ∈
(0, 1]. Hence, it is proven that the given map is not completely
positive.
In the most straightforward way to prove that the map is in-
decomposible, we have to now show that it can detect at least
4one entangled state which is positive under partial transposi-
tion. Such a class of two qutrit entangled states [86] is the
following
τx =
1
3(1 + x + x−1)

1 0 0 0 1 0 0 0 1
0 x 0 0 0 0 0 0 0
0 0 x−1 0 0 0 0 0 0
0 0 0 x−1 0 0 0 0 0
1 0 0 0 1 0 0 0 1
0 0 0 0 0 x 0 0 0
0 0 0 0 0 0 x 0 0
0 0 0 0 0 0 0 x−1 0
1 0 0 0 1 0 0 0 1

, (7)
with x being any non zero positive real number. Applying the
proposed map, we have
I ⊗ Λα(τx) =
N
3(1+x+x−1)

α(1 + x) 0 0 0 − 1 0 0 0 − α
0 x+x
−1
α
0 0 0 0 0 0 0
0 0 (αx−1 + 1
α
) 0 0 0 0 0 0
0 0 0 α(1 + x−1) 0 0 0 0 0
−1 0 0 0 1+x
α
0 0 0 0
0 0 0 0 0 (αx + 1
αx ) 0 − 1 0
0 0 0 0 0 0 α(x + x−1) 0 0
0 0 0 0 0 − 1 0 1+x−1
α
0
−α 0 0 0 0 0 0 0 α + x
α

.
Here, N = 1/(α + 1/α) is the normalization factor. One of the
principal minors of the matrix I ⊗ Λα(τx) is given by
Dτx = N
∣∣∣∣∣∣∣∣
α(1 + x) − 1 − α
−1 1+x
α
0
−α 0 α + x
α
∣∣∣∣∣∣∣∣
= N[x(2 + x)(α + x
α
) − α(1 + x)]
The negativity of Dτx for a large range of parameters can
be seen from Fig.1 where we plot Dτx with respect to x for
some particular values of α. The following cases may be
considered a examples. Case 1: Considering α = 14 , we see
that Dτx < 0, if x < 0.154.
Case 2: Considering α = 12 , we see that Dτx < 0, if x < 0.269.
Case 3: Let us now consider α = 1. In this case we can see
that Dτx < 0, if x <
√
2 − 1.
Therefore, it the one parameter class of maps contains
indecomposable positive maps. 
Remark: In [87], authors have shown that any indecom-
posable linear map Λ : M3 → M3 is atomic and hence in view
of this fact the indecomposable maps in Corollary 1 are also
atomic.
Let us now illustrate the dual map corresponding to the pos-
itive map introduced in the definition 1.
Corollary 2: The following map
Λ†α (X) =
1
α + 1
α
α(x11 + x33) −x12 −αx13−x21 x22+x11α −x32−αx31 −x23 αx33 + x22α
 (8)
is also positive and indecomposable in the range 0 < α ≤ 1.
0.1 0.2 0.3 0.4 0.5
x
-1.0
-0.5
0.5
1.0
Minors
α = 1
8α = 1
4α = 1
2α = 1
FIG. 1. (Colour online) Variation of Minors Dτx with respect to map param-
eter α
Proof. The proof of positivity follows similarly to that of The-
orem 1. For the proof of indecomposability, we can construct
the matrix I⊗Λ†α(τx), to find that it will have at least one neg-
ative eigenvalue for
x >
1√
2 − 1 .

IV. ENTANGLEMENT WITNESS AND WEAK
OPTIMALITY
Since positive maps are not physically realizable, it is our
next goal to construct an entanglement witness class [63], in
order to set the experimental viability of our findings on a firm
footing. Moreover, we also prove that at least one of our con-
structed witnesses is weakly optimal.
Any positive but not completely positive map gives rise to
an entanglement witness. For a given map ΛΓ its correspond-
ing Choi matrix CΓ serves as a witness for some entangled
state. An entanglement witnessW is said to be weakly opti-
mal [66] if there exists some pure product state |γ〉 ⊗ |δ〉 such
that
〈γ| ⊗ 〈δ|W|γ〉 ⊗ |δ〉 = 0
An entanglement witness can always be constructed from a
positive map. We give one such example in the following.
We know that for two positive semi-definite matrices A and
B, the identity Tr[A.B] ≥ 0 always holds. Based on this fact,
we have Tr[|Φ〉〈Φ|I ⊗ Λ†α(σ)] ≥ 0, for all separable states
σ and for at least one entangled state, the trace identity will
acquire negative value. Following the trace rule Tr[C.D] =
Tr[D.C] for any pair of matrices C and D, we get
Tr[|Φ〉〈Φ|I ⊗ Λ†α(ρ)] = Tr[I ⊗ Λα(|Φ〉〈Φ|)ρ] ≥ 0,
for any state ρ of 3 × 3 dimension. This can of course be
extended to arbitrary d × 3 dimensional systems.
5We can thus consider the one parameter family of pos-
itive maps Λα with the corresponding Choi matrix CΛα =
I⊗Λα(|Φ〉〈Φ|), to be an one parameter family of entanglement
witnesses. Now, for α = 1, we can choose |γ〉 = |δ〉 = 13
11
1

such that
〈γ| ⊗ 〈γ|CΛα |γ〉 ⊗ |γ〉 = 0
This weakly optimal witness can also be implemented lo-
cally. The witness can be expressed as a linear sum of two
qutrit local observables. We consider the 3× 3 identity matrix
G1 =
1 0 00 1 0
0 0 1
,
along with 8 Gell-mann matrices
G2 =
0 1 01 0 0
0 0 0
, G3 =
0 −i 0i 0 0
0 0 0
, G4 =
1 0 00 −1 0
0 0 0
,
G5 =
0 0 10 0 0
1 0 0
, G6 =
0 0 −i0 0 0
1 0 0
, G7 =
0 0 00 0 1
0 1 0
,
G8 =
0 0 00 0 −i
0 i 0
, G9 = 1√3
1 0 00 1 0
0 0 −2

as 9 local observables as they are Hermitian. We denote
them as Gi, i = 1.....9.
We note that for α = 1,
CΛ1 = 13G1 ⊗G1 − 16G2 ⊗G2 + 16G3 ⊗G3 − 14√3G4 ⊗G9
− 16G5 ⊗G5 + 16G6 ⊗G6 − 16G7 ⊗G7 − 16G8 ⊗G8
+ 1
4
√
3
G9 ⊗G4 + 112G9 ⊗G9.
This witness is of course indecomposible, because the corre-
sponding positive map is proven to be indecomposible. To
further establish this fact, we apply the witness CΛ1 on τx (7)
to find
Tr
[CΛ1τx] = 3 − x18 (x2 + x + 1) . (9)
It is thus clear that the witness detects entanglement of the
two-qutrit entangled state τx for x > 3.
V. STRUCTURAL PHYSICAL APPROXIMATION AND A
NEW CLASS OF STATES WITH PPT ENTANGLEMENT
The structural physical approximation (SPA)[51, 52] of a
positive map is a convex mixture of a depolaring map with
the given map, so that the resulting map is complete posi-
tive. A map Λdep : Md → Md is said to be depolarizng if
Λdep (X) =
Tr(X)
d I for X ∈ Md. Mathematically, SPA maps
are the points of intersection of the line joining the given map
with the depolarizing map and the set of all complete positive
maps. Operationally, SPA of a positive map is obtained by
adding some disturbance to the positive map.
An algorithm to find the optimal SPA map for a given pos-
itive map has been prescribed in [51]. We shall now formu-
late the SPA corresponding to the one parameter family of
maps Λα and show that it gives rise to a class of PPT enta-
gled states. We have earlier considered the Choi matrix CΛα
of the family of maps and found the least eigenvalue of CΛα
to be λ
′
= 1−
√
1+4α2
6+6α2 when we take α ∈ (0, 1]. It is a neg-
ative quantity within the above parameter range. Defining
λ = max
[
0,−λ′
]
, and following the prescription of [51], the
optimal SPA map corresponding to the map Λα is given by
Λ
opt
α = p∗Λdep + (1 − p∗)Λ′α
where p∗ =
λdd
′
β−1
Λα
λdd′β−1
Λ
+1 , Λdep =
Tr(.)
d′ I, and Λ
′
= β−1
Λ
Λ is the
re-scaling of the original map. Here d = d
′
= 3, the input
and output dimension of the map Λα, and as a consequence
of trace preservation, the value of βΛα = 1. Therefore, the
optimal SPA map Λoptα : M3 → M3 is given by
Λ
opt
α (X) =

x33
(√
4α2+1−1
)
+x11
(
2α2+
√
4α2+1−1
)
+x22
(
2α2+
√
4α2+1−1
)
2α2+3
√
4α2+1−1
2x12α
−2α2−3
√
4α2+1+1
2x13α2
−2α2−3
√
4α2+1+1
2x21α
−2α2−3
√
4α2+1+1
x11
(√
4α2+1−1
)
+(x22+x33)
(√
4α2+1+1
)
2α2+3
√
4α2+1−1
2x32α
−2α2−3
√
4α2+1+1
2x31α2
−2α2−3
√
4α2+1+1
2x23α
−2α2−3
√
4α2+1+1
−x22+x33(2α2−1)+x11
(√
4α2+1+1
)
+(x22+x33)
√
4α2+1
2α2+3
√
4α2+1−1
(10)
We note that the SPA map is also trace preserving. To check whether the SPA is completely positive, we compute the cor-
responding Choi matrix. The Choi matrix is found to be
6CΛoptα =

2α2+
√
4α2+1−1
6α2+9
√
4α2+1−3
0 0 0 2α
−6α2−9
√
4α2+1+3
0 0 0 2α
2
−6α2−9
√
4α2+1+3
0
√
4α2+1−1
6α2+9
√
4α2+1−3
0 0 0 0 0 0 0
0 0
√
4α2+1+1
6α2+9
√
4α2+1−3
0 0 0 0 0 0
0 0 0 2α
2+
√
4α2+1−1
6α2+9
√
4α2+1−3
0 0 0 0 0
2α
−6α2−9
√
4α2+1+3
0 0 0
√
4α2+1+1
6α2+9
√
4α2+1−3
0 0 0 0
0 0 0 0 0
√
4α2+1−1
6α2+9
√
4α2+1−3
0 2α
−6α2−9
√
4α2+1+3
0
0 0 0 0 0 0
√
4α2+1−1
6α2+9
√
4α2+1−3
0 0
0 0 0 0 0 2α
−6α2−9
√
4α2+1+3
0
√
4α2+1+1
6α2+9
√
4α2+1−3
0
2α2
−6α2−9
√
4α2+1+3
0 0 0 0 0 0 0 2α
2+
√
4α2+1−1
6α2+9
√
4α2+1−3

(11)
We next compute the eigenvalues of the 9 × 9 Choi matrix
CΛoptα and observe that the Choi matrix is positive semi-definite
for the whole range of α as all of its eigenvalues are non nega-
tive for the whole range of α. This signifies that the SPA map
is complete positive. Moreover, it is to be noted that the Choi
matrix is a valid density matrix as CΛoptα is Hermitian, positive
semi-definite and of trace 1 for α ∈ (0, 1]. Hence, we obtain a
one parameter family of two qutrit states.
The partial transposition of CΛoptα is given by
CT
Λ
opt
α
=

2α2+
√
4α2+1−1
6α2+9
√
4α2+1−3 0 0 0 0 0 0 0 0
0
√
4α2+1−1
6α2+9
√
4α2+1−3 0
2α
−6α2−9
√
4α2+1+3
0 0 0 0 0
0 0
√
4α2+1+1
6α2+9
√
4α2+1−3 0 0 0
2α2
−6α2−9
√
4α2+1+3
0 0
0 2α−6α2−9
√
4α2+1+3
0 2α
2+
√
4α2+1−1
6α2+9
√
4α2+1−3 0 0 0 0 0
0 0 0 0
√
4α2+1+1
6α2+9
√
4α2+1−3 0 0 0
2α
−6α2−9
√
4α2+1+3
0 0 0 0 0
√
4α2+1−1
6α2+9
√
4α2+1−3 0 0 0
0 0 2α
2
−6α2−9
√
4α2+1+3
0 0 0
√
4α2+1−1
6α2+9
√
4α2+1−3 0 0
0 0 0 0 0 0 0
√
4α2+1+1
6α2+9
√
4α2+1−3 0
0 0 0 0 2α−6α2−9
√
4α2+1+3
0 0 0 2α
2+
√
4α2+1−1
6α2+9
√
4α2+1−3

We compute its eigenvalues and plot them with respect to α
in Figure 2. We note that among the nine eigenvalues, one
eigenvalue is negative in the interval α ∈ (0, 1), and other eight
eigenvalues are all positive for α ∈ (0, 1) . Hence, the class of
states for this interval of values of α is NPT, and therefore,
it is entangled. Interestingly, for the parameter value α = 1,
all the eigenvalues of the partially transposed matrix are non
negative, and hence, the state CΛoptα is PPT for α = 1.
0.2 0.4 0.6 0.8 1.0
α
0.1
0.2
0.3
Eigenvalues
FIG. 2. (Colour online) The eigenvalues of the partially transposed
matrix CT
Λ
opt
α
are plotted with respect to α.
We are interested to find whether the state CΛopt1 is entan-
gled. It may be noted that since we are dealing with a two-
qutrit system, the partial transposition criterion is no longer
sufficient for entanglement detection. We hence adopt the co-
variance matrix criterion [48, 49] for entanglement detection.
We can consider the 3 by 3 identity matrix along with the 8
Gell-Mann matrices as orthogonal local observables as they
are orthogonal and Hermitian. We take the Choi state CΛoptα
and obtain its two reduced density matrices CA
Λ
opt
α
and CB
Λ
opt
α
re-
spectively. The covariance matrix criterion [48, 49] states that
for separable states,
||C||1 ≤
√(
1 − Tr
[(
CA
Λ
opt
α
)2]) (
1 − Tr
[(
CB
Λ
opt
α
)2])
(12)
where ||.||1 stands for the trace norm and the components of
the C matrix are given by
Ci j = 〈HAi ⊗ HBj 〉 − 〈HAi 〉〈HBj 〉 (13)
and HAi and H
B
j denote local orthogonal observables on
two sides. We evaluate the C matrix using the state CΛoptα
and its reduced density matrices, and find that the LHS of
Eq.(12) 12 strictly greater than the RHS for the values of
7α in (0, 1]. The result has been illustrated in Fig. 3. This
certifies the presence of entanglement in the state CΛoptα for
α ∈ (0, 1]. Therefore, the state corresponding to the value of
the parameter α = 1, i.e., CΛopt1 is PPT-entangled. So, the SPA
map Λoptα can generate a two-qutrit PPT entangled state CΛopt1 .
0.2 0.4 0.6 0.8 1.0
α
0.5
1.0
1.5
LHS	of	Covariance	matrix	criterion	
RHS	of	Covariance	matrix	criterion	
FIG. 3. (Colour online) LHS and RHS of Eq.(13) are plotted versus
α.
It may be further noted that the state CΛoptα is NPT for the
values of the parameter α in (0, 1) and therefore, it is entan-
gled. For the parameter value α = 1 the state is PPT and its
entanglement can be detected via the covariance matrix crite-
rion. Moreover, from figure 3 it is clear that the covariance
matrix criterion can also detect the the entanglement in the
range (0, 1) where the state is NPT.
Finally, let us check whether the PPT entangled state CΛopt1
can be detected by some other existing positive maps. PPT
entangled states are considered as a weak form of entangle-
ment that is usually very hard to detect. As discussed earlier,
indecomposable maps are necessary to detect PPT entangled
states. The celebrated Choi map φchoi : M3 → M3 [50], one of
the first examples of indecomposable maps in the literature, is
defined as
φChoi (X) =
x11 + x22 −x12 −x13−x21 x22 + x11 −x23−x31 −x32 x33 + x22
 (14)
where
X =
x11 x12 x13x21 x22 x23
x31 x32 x33
 ∈ M3.
A positive map Λ is said to detect an entangled state κ if and
only if I ⊗ Λ (κ) < Θ, where Θ stands for zero operator. It can
be checked that I ⊗ φChoi
(
CΛoptα
)
> Θ ∀α ∈ (0, 1]. Hence, the
Choi map cannot detect the above PPT entangled state.
Recently, Miller and Olkiewicz [40] introduced another in-
decomposable map φMO on M3 given by,
φMO (X) =

1
2
(x11 + x22) 0 1√2 x13
0
1
2
(x11 + x22) 1√2 x32
1√
2
x31 1√2 x23 x33
 (15)
where
X =
x11 x12 x13x21 x22 x23
x31 x32 x33
 ∈ M3.
It can be again checked that I ⊗ φMO
(
CΛoptα
)
> Θ ∀α ∈ (0, 1].
Hence the above map also cannot detect the PPT entangled
state CΛoptα .
VI. CONCLUSIONS
Bound entangled states are hard to find and detect. In this
work, we have constructed a one parameter family of inde-
composable positive maps in three dimensional Hilbert space.
These maps are shown to detect entanglement in a certain
class of two-qutrit PPT entangled states. Through our pro-
posed non-completely positive indecomposable map we are
additionally able to find a new class of entangled states among
which there exists a PPT entangled state. We have further
constructed a weak optimal entanglement witness from one of
these maps and have given its representation in terms of local
observables. This presents the way to physically implement
this witness towards detection of the two-qutrit bound entan-
gled state.
Moreover, we have also considered the structural physical
approximation [51, 52]of the proposed positive map. This
leads to a large class of NPT entangled states, but more in-
terestingly, we have found a unique bound entangled state
which cannot be detected by various other well-known non-
completely positive maps [40, 50]. PPT entangled states have
been constructed earlier from indecomposable positive maps
using geometrical methods [32, 54]. In the present analysis
we have devised a new procedure of contructing PPT entan-
gled states employing the structural physical approximation.
To conclude, this work motivates further investigations of pos-
itive maps and their applications in entanglement theory in
higher dimensions.
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